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We experimentally realize the internal and external entanglement tradeoff, which is a new kind
of entanglement monogamy relation different from that usually discussed. Using a source of twin
photons, we find that the external entanglement in polarization of twin photons, and the path-
polarization internal entanglement of one photon, limit each other. In the extreme case, when the
internal state is maximally entangled, the external entanglement must be vanishing, that illustrate
entanglement monogamy. Our results of the experiment coincide with the theoretical predictions,
and therefore provide a direct experimental observation of the internal and external entanglement
monogamy relation.
Entanglement monogamy is one of the most funda-
mental properties for multipartite quantum states, which
means that if two qubits A and B are maximally entan-
gled, then A or B cannot be entangled with the third
qubit C [1, 2]. The quantitative entanglement monogamy
inequality was first proved by Coffman, Kundu, and
Wootters (CKW) for three-qubit states [3],
C2A|B + C
2
A|C ≤ C2A|BC , (1)
where C2 denotes the squared concurrence for quanti-
fying bipartite entanglement [4]. From Eq. (1), one can
easily find that there is a consequent tradeoff between the
amount of entanglement shared by qubits A and B, and
the entanglement shared by qubits A and C. For three-
qubit pure states, the difference between the right hand
side and left hand side of Eq. (1) is defined as the so-
called “three-tangle” [3], which is a genuine three-qubit
entanglement measure. After the CKW inequality, sev-
eral entanglement monogamy inequalities [5–43] and even
monogamy equalities [44, 45] were introduced. Osborne
and Verstraete proved the CKW monogamy inequality
for N -qubit states [5]. In Refs. [6, 7], the CKW inequal-
ity was generalized to Gaussian states. Moreover, other
entanglement measures, such as the squashed entangle-
ment [10, 11], the negativity [12–15], and the squared
entanglement of formation [16–18], were also employed
to derive the corresponding entanglement monogamy in-
equalities.
Recently, new kinds of monogamy relation have been
derived by Camalet [46–49], i.e. internal entanglment
(or local quantum resource) and external entanglement
have a tradeoff. The usually discussed entanglement
monogamy inequalities in Refs. [5–7, 11–14, 16–18] indi-
cate the trade-off relation between E(̺AB) and E(̺AC)
(or its extension to N -partite case), where E is one kind
of entanglement measure, ̺AB and ̺AC are reduced den-
FIG. 1: For a tripartite quantum state ̺A1A2B , the subsys-
tems A1 and A2 are in the same physical system but they
are encoded in different degrees of freedom, and B is encoded
in another physical system. E˜A1|A2 and EA1A2|B represent
the internal entanglement between A1 and A2 and external
entanglement between A1A2 and B, respectively.
sity matrices from a three-qubit state. Unlike these pre-
viously derived inequalities, Camalet has proposed a new
entanglement monogamy inequality [46]. Consider a tri-
partite quantum state ̺A1A2B illustrated in Fig. 1, where
A1 and A2 come from the same physical system but have
been encoded in different degrees of freedom, and B is en-
coded in another physical system. This inequality shows
the tradeoff relation between the internal entanglement
E˜A1|A2 and the external entanglement EA1A2|B, where E˜
and E are two different but related entanglement mea-
sures, and EA1A2|B (E˜A1|A2) denotes the entanglement of
̺A1A2B (̺A1A2) under the bipartition A1A2|B (A1|A2).
Here we experimentally demonstrate the entanglement
monogamy relation between the internal and external en-
tanglement, with a source of twin photons. As shown in
Fig. 1, there are two qubits (the polarization qubit A1
and the path qubit A2) encoded in photon A; but only
one qubit (the polarization qubit B) is encoded in photon
B. Here we provide a direct experimental observation of
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FIG. 2: The internal entanglement E˜A1|A2 quantified by
EF (̺A1A2) and the external entanglement EA1A2|B quantified
by E′F (|ψ〉A1A2|B) are bounded by the dashed blue straight
line. We calculated the states in Eq. (5) and the correspond-
ing nine different experimental states, the results are shown
as the black curve and red dots, respectively. The left six
red dots should be on the curve according to the theoreti-
cal prediction but some dots do not. The deviation is from
the visibility of interferometers, and the error bar is from the
Poissonian distribution of photon counts.
the tradeoff between the internal entanglement in A1|A2
and the external entanglement in A1A2|B.
Theoretical framework.— Let us focus on a tripartite
state ̺A1A2B where A1 and A2 are encoded in the same
physical system A by using different degrees of freedom,
see Fig. 1. The third party is encoded in system B.
Camalet’s entanglement monogamy inequality is
E˜A1|A2 + EA1A2|B ≤ E˜max, (2)
where E˜A1|A2 denotes the internal entanglement measure
between A1 and A2, EA1A2|B is the external entangle-
ment measure between A1A2 and B, and E˜max is the
value of E˜A1|A2 when A1 and A2 are maximally entangled
[46]. It is worth noting that E˜ and E are strongly related,
although they are two different entanglement measures.
From the inequality (2), one can see that EA1A2|B is also
bounded by E˜max. When the state ̺A1A2B is pure and
the reduced density operator ̺A1A2 is absolutely separa-
ble [50, 51], the external entanglement EA1A2|B is equal
to the maximum value E˜max. On the other hand, when
the internal entanglement E˜A1|A2 is maximal, the exter-
nal entanglement EA1A2|B must be vanishing.
The internal entanglement measure E˜A1|A2 in Eq. (2)
can be arbitrary entanglement measures, such as the
entanglement of formation EF [4], the negativity EN
[52, 53], and the relative entropy of entanglement ER
[54]. When we choose the entanglement of formation EF
to quantify the internal entanglement between A1 and
A2, the inequality (2) for a general three-qubit pure state
|ψ〉A1A2B becomes to
EF (̺A1A2) + E
′
F (|ψ〉A1A2|B) ≤ 1, (3)
where the internal entanglement E˜A1|A2 is EF (̺A1A2) =
H
(
1/2 +
√
1− C2(̺A1A2)/2
)
, H is the binary entropy
H(x) := −x log2 x − (1 − x) log2(1 − x), and C(̺) =
max{0, σ1−σ2−σ3−σ4} is the concurrence of ̺ with {σi}
being the square roots of eigenvalues of ̺σy ⊗ σy̺∗σy ⊗
σy in decreasing order [4]. The external entanglement
EA1A2|B is E
′
F (|ψ〉A1A2|B), as defined by
E′F (|ψ〉A1A2|B) := 1−max
U
EF (U̺A1A2U
†) (4)
= 1− f(max{0, λ1 − λ3 − 2
√
λ2λ4})
where U denotes the unitary operators of A, f(x) :=
H(1/2 +
√
1− x2/2), and {λi} are the eigenvalues of
̺A1A2 in nonascending order [46, 51]. In Ref. [51], the
maximum entanglement for a given spectrum {λi} mea-
sured by the negativity and the relative entropy of en-
tanglement have also been provided. Thus, one can ob-
tain the inequality (2) with the internal entanglement
measure being the negativity and the relative entropy of
entanglement as well [55].
Now we consider a class of three-qubit pure states with
one parameter φ,
|ψ〉 = cosφ|110〉+ sinφ |01〉+ |10〉√
2
|1〉. (5)
Based on Eqs. (3)-(4), one can obtain its internal and
external entanglement by using the entanglement of for-
mation,
EF (̺A1A2) = f(sin
2 φ), (6)
E′F (|ψ〉A1A2|B) = 1− f(max{cos2 φ, sin2 φ}). (7)
The theoretical results have been shown in Fig. 2 by the
solid curve. We can see that all the results are bounded
by the dashed line, i.e., the monogamy inequality (3)
always holds.
Experimental realization.— In order to demonstrate
this new entanglement monogamy relation, we prepare
some quantum states where the quantity of internal and
external entanglement can be controlled. We use the po-
larization and the path degrees of freedom to produce the
target three-qubit state in Eq. (5).
As shown in Fig. 3, we will introduce three parts of
the setup: (i) state preparation, (ii) qubits A1 and A2
(owned by Alice), (iii) qubit B (owned by Bob). First,
the source of twin photons is realized via a type-I spon-
taneous parametric down-conversion (SPDC) process in
3FIG. 3: Experimental setup The polarization entangled photon pairs are generated by the spontaneous parameteric down-
conversion process. In the Alice part, the polarization and path states are entangled. In each mode, half-wave plate (HWP),
quarter-wave plate (QWP) and polarization beam splitter (PBS) are set for state tomography. In the experiment, the photons
are collected by two single photon counting modules and identified by the coincidence counter. H: half wave plate H1∼H11; Q:
quarter wave plate Q1∼Q3; P: polarization beam splitter P1∼P3; BD: beam displacer BD1∼BD3.
which the crystal is a joint β-barium-borate (β-BBO)
[56]. The source of the two-qubit entangled state is
|ψ〉 = cosφ |H〉A |H〉B + sinφ |V 〉A |V 〉B, where the pa-
rameter φ is modulated by H1, a half-wave plate (HWP)
put in front of the BBO crystal to adjust the polarization
of pump. Here the pump is a continuous-wave diode laser
with 140mW and the wavelength is 404nm. The fidelity
between the experimental state and the theoretical state
is beyond 99%. The computational basis |0〉 and |1〉 are
encoded in the horizontal polarization |H〉 and vertical
polarization |V 〉 of the photons, respectively. The photon
pair is separated spatially via a single mode fiber (SMF).
One photon is sent to Alice and the other one is sent to
Bob. In Alice part, as illustrated in Fig. 3, we use three
beam displacers (BDs) in which the vertical-polarized
photon remains on its path while the horizontal-polarized
photon shifts down. The internal entanglement is real-
ized between the path and the polarization degrees of
freedom of Alice’s photon. The upper path state is en-
coded into |0〉, and the down path state is corresponding
to |1〉. After BD1, the photons in different polarization
states travel two paths. Thus the polarization and path
are entangled. Due to the HWP at 45◦ (H7), the hori-
zontal and vertical polarization exchange, whereafter the
HWP in the upper path (H8) rotates the polarization.
The angle θ modulated by H8 is the controllable pa-
rameter of the internal entanglement. Right after the
H8, there is another beam displacer, BD2, to fulfill the
preparation of the internal entanglement of the Alice’s
photon. On the other hand, in Bob’s part, the photons
are measured directly. Finally we get the three-qubit
states which contain internal and external entanglement
and can be described as
|ψ〉 = cosφ|1〉A1 |1〉A2 |0〉B + sinφ|ϕ〉A1A2 |1〉B, (8)
where |ϕ〉A1A2 = cos θ|0〉A1 |1〉A2 + sin θ|1〉A1 |0〉A2 .
In order to reconstruct the density matrices of these
three-qubit states, we perform quantum state tomogra-
phy for these states. According to the maximum likeli-
hood estimation, the density matrices are reconstructed
[57]. The project measurement of polarization is realized
by a standard polarization tomography setup (SPTS),
which consists of a quart-wave plate (QWP), a half-wave
plate, and a polarization beam splitter (PBS). As shown
in the Fig. 3, there are three such setups, (Q1,H5,P1),
(Q2,H9,P2), and (Q3,H11,P3). The first two setups mea-
sure the polarization states of Bob and Alice respectively.
As for the last one, it is used to measure the path state
of Alice. The following is demonstrated how it works.
Consider the BD2, it is the last element in the state
preparation. If a photon is in the upper path after BD2,
its polarization is horizontal when it arrives at Q3, i.e.
the last SPTS; and if it is in the down path, it will be
vertical-polarized. Therefore, the last SPTS measure the
path state via the polarization state tomography. Be-
sides it is necessary to mention that the HWP right after
P2 in down path (H10) is at 45◦.
We fix the value of θ at 45◦ and adjust the H1 to change
the values of φ from 0◦ to 90◦. Thus, the experimental
state in Eq. (8) becomes to Eq. (5). If φ = 90◦, the inter-
nal entanglement of system A is maximal; and if φ = 0◦,
the state is |ψ〉 = |110〉 which is separable. Without loss
of generality, we choose nine typically states to analyze.
We reconstruct the density matrices of these nine states,
then calculate their entanglements E˜A1|A2 and EA1A2|B
based on EF using the expressions given above. As shown
in Fig. 4, the experimental results coincide with the the-
oretical prediction within the margin of error. Although
the different value of the angle φ represent the different
states, the sum of E˜A1|A2 + EA1A2|B will not exceed 1,
4    






ϕ





+






FIG. 4: We adjusted the degree of H1 to change the values of
φ and chose nine states to calculate E˜A1|A2 + EA1A2|B . The
red dots are the experimental results and the black curve is
the theoretical values. The error bar is from the Poissionian
distribution of photon counts.
which experimentally demonstrates the monogamy rela-
tion (2). We remark that EA1A2|B is evaluated using Eq.
(4) which is strictly speaking valid only for genuine pure
states. However, the actual entanglement EA1A2|B of the
experimental state, which is not exactly pure, is lower
than the value obtained from Eq. (4) [46, 48, 55]. On
the other hand, we choose E˜A1|A2 as the horizontal ordi-
nate and EA1A2|B as the vertical ordinate to plot Fig. 2.
We find that EA1A2|B firstly increases and then decreases
as E˜A1|A2 increases, which also agrees with the theoreti-
cal results. Moreover, these values are in the area below
the straight line EA1A2|B = 1− E˜A1|A2 .
Other monogamy inequalities.— In Ref. [46], Camalet
also presented a monogamy inequality involving only one
entanglement monotone, the negativity EN . For a bipar-
tite state ̺AB, the negativity is defined by EN (̺AB) =
(‖̺TBAB‖ − 1)/2 [52, 53], where ‖ · ‖ is the trace norm and
TB is the partial transpose with respect to system B.
Contrary to other entanglement measures, such as EF
or E′F , EN is readily computable for any state. For a
three-qubit state ̺A1A2B , the monogamy inequality is
EN (̺A1A2) + g[EN (̺A1A2|B)] ≤ EN,max, (9)
where EN,max, the maximum value of EN , is equal to 1/2
for the two-qubit states, and the nondecreasing function
g is given by g(x) = (3/2 − √1− 2x2 −
√
1/4− x2)/2
[46]. The monogamy inequality (9) has been calculated
for our experimentally realized states in the Supplemen-
tal Material [55].
Many familiar entanglement monotones satisfy
monogamy inequalities of the form of Eq. (9) [49],
but determining explicitly the corresponding func-
tion g may not be always possible. Now we present
another case for which this can be achieved. For
a qubit-qudit pure state |φAB〉, the concurrence is
defined by C(|φAB〉) =
√
2(1− Tr̺2B) [3, 4], where
̺B = TrA(|φAB〉〈φAB |) is the reduced density operator
of system B. It is generalized to mixed states via the
convex roof extension [3, 4]. For a three-qubit state
̺A1A2B, the following monogamy inequality holds
C(̺A1A2) + g˜[C(̺A1A2|B)] ≤ Cmax, (10)
where Cmax, the maximum value of C, is equal to 1 for
the two-qubit states, and the nondecreasing function g˜ is
given by g˜(x) = (1 − √1− x2)/2 [55]. The monogamy
inequality (10) has also been calculated for our exper-
imentally realized states in the Supplemental Material
[55].
Discussion and conclusion.— In this experiment, the
visibility of the MZ interferometer is about 100:1 and the
average fidelity [58] between the experimental states and
theoretical states is 99.11± 0.04%. Although the experi-
mental states are not exactly pure states, the monogamy
inequality (3) still holds for experimental mixed states.
Moreover, the negativity in inequality (9) has been eval-
uated for the mixed experimental states. Besides the
single-photon avalanche photon-diode is used to detect
photons whose detection efficiency is 68%. The detec-
tion events from the same pair are identified by a coin-
cidence counter as long as they arrive within ±3ns. In
addition, the coincidence counts are about 1000s−1 and
we record clicks for 10s. There are many sources of the
measurement uncertainty, such as counting statistics, de-
tector efficiency, detector’s dead time, timing uncertainty
and alignment error of wave plates. However, the result-
ing uncertainty is dominated by counting statistics [59],
which we have calculated via the Poissonian distribution
and shown in the figures.
In summary, we have demonstrated the internal and
external entanglement tradeoff in a photonic system with
tunable entangled sources. This realization verifies the
theoretical prediction that the entanglement between dif-
ferent degrees of freedom of a quantum single particle re-
stricts its entanglement with other particles. This prop-
erty may have applications in quantum information, such
as the construction of quantum communication network.
On the other hand, this realization also can be gener-
alized into other physical systems, such as NV centers,
atoms, trapped ions, superconductor and so on. Particu-
larly realization in a hybrid system, such as a photon and
an atom, is more expected. For future research, one may
experimentally demonstrate other monogamy inequali-
ties, such as the inequality between local coherence and
entanglement [46, 60], and the inequality between inter-
nal entanglement and external correlations [49].
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SUPPLEMENTAL MATERIAL
I. Inequality (3) for the negativity EN
If we use the negativity EN to quantify the internal entanglement between A1 and A2, the inequality (3) in the
main text becomes to
EN (̺A1A2) + E
′
N (|ψ〉A1A2|B) ≤
1
2
, (S1)
where EN (̺A1A2) = (‖̺TA2A1A2‖ − 1)/2, and EN,max, the maximum value of EN (̺A1A2), is equal to 1/2 for two-qubit
state ̺A1A2 . The external entanglement E
′
N (|ψ〉A1A2|B) is
E′N (|ψ〉A1A2|B) =
1
2
− EN (̺′A1A2), (S2)
with
EN (̺
′
A1A2
) = max
U
EN (U̺A1A2U
†)
= max{0, 1
2
√
(λ1 − λ3)2 + (λ2 − λ4)2 − λ2
2
− λ4
2
} (S3)
where U denotes the unitary operators of A, ̺′A1A2 the density operator corresponding to the maximum over U , and{λi} are the eigenvalues of ̺A1A2 in nonascending order [1].
Now we consider a class of three-qubit pure states with one parameter φ,
|ψ〉 = cosφ|110〉+ sinφ |01〉+ |10〉√
2
|1〉. (S4)
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Based on Eqs. (S1)-(S3), one can obtain its internal and external entanglement measured by the negativity,
EN (̺A1A2) =
1
4
√
3 + cos(4φ)− 1
2
cos2 φ, (S5)
E′N (|ψ〉A1A2|B) =
1
2
+
1
2
min{cos2 φ, sin2 φ} − 1
4
√
3 + cos(4φ). (S6)
The theoretical and experimental results have been shown in Fig. S1. We can see that all the sums of internal and
external entanglement are bounded by 1/2, i.e., the inequality (S1) always holds.
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FIG. S1: We use the negativity EN(̺A1A2) and E
′
N (|ψ〉A1A2|B) to quantify the entanglement among these three qubits. The
red dots are experimental results and the lines are theoretical predictions.
II. The monogamy inequality (9) involving only EN
In Ref. [2], the author also presented a monogamy inequality involving only one entanglement monotone, the
negativity EN . For a bipartite state ̺AB, the negativity is defined by EN (̺AB) = (‖̺TBAB‖ − 1)/2, where ‖ · ‖ is the
trace norm and TB is the partial transpose with respect to system B. For a three qubit pure state |ψ〉A1A2B, the
monogamy inequality is
EN (̺A1A2) + g[EN (|ψ〉A1A2|B)] ≤
1
2
, (S7)
where EN,max, the maximum value of EN (̺A1A2), is equal to 1/2 for two-qubit state ̺A1A2 , and the nondecreasing
function g is given by
g(x) =
3
4
−
√
1− 2x2
2
−
√
1− 4x2
4
, (S8)
when the number of nonzero eigenvalues of ̺A1A2 is equal to 2 [2].
Now we consider a class of three-qubit pure states with one parameter φ,
|ψ〉 = cosφ|110〉+ sinφ |01〉+ |10〉√
2
|1〉. (S9)
Based on Eqs. (S7) and (S8), one can obtain its internal and external entanglement measured by the negativity,
EN (̺A1A2) =
1
4
√
3 + cos(4φ)− 1
2
cos2 φ, (S10)
g[EN (|ψ〉A1A2|B)] =
3
4
−
√
1− 2 cos2 φ sin2 φ
2
−
√
1− 4 cos2 φ sin2 φ
4
. (S11)
The theoretical and experimental results have been shown in Fig. S2. We can see that all the sums of internal and
external entanglement are bounded by 1/2, i.e., the inequality (S7) always holds.
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FIG. S2: In order to use the same measure, EN(̺A1A2) and EN(|ψ〉A1A2|B), to quantify the entanglement, we employ the
function g. Note that g is not shown in the Figure. The red dots are experimental results and the lines are theoretical
predictions.
III. The monogamy inequality (10) involving only C
Proposition 1. For a three-qubit state ̺A1A2B, the internal entanglement C(̺A1A2) and the external entanglement
C(̺A1A2|B), as quantified by the concurrence, obey the monogamy relation
C(̺A1A2) + g˜[C(̺A1A2|B)] ≤ 1, (S12)
where 1 is the maximal value of C for two-qubit states and
g˜(x) =
1−√1− x2
2
. (S13)
Proof. For a pure three-qubit state, the external entanglement is given by
C(|ψ〉A1A2|B) =
√
2(1− Tr̺2A1A2) = 2
√
λ1(1− λ1), (S14)
with λ1 being the maximal eigenvalue of ̺A1A2 . Since the above function of ̺A1A2 is concave and the concurrence is
defined via the convex roof extension for mixed states, the external entanglement obeys
C(̺A1A2|B) ≤ 2
√
λ1(1 − λ1), (S15)
in the general case. The internal entanglement can be obtained by the formula C(̺A1A2) = max{0, σ1−σ2−σ3−σ4}
with {σi} being the square roots of eigenvalues of ̺A1A2σy ⊗ σy̺∗A1A2σy ⊗ σy in decreasing order [3]. In the bipartite
partition A1A2|B, the internal entanglement can be maximized via two-qubit unitary transformations on A1A2, and
the following relation holds
C(̺A1A2) ≤ max
U
C(U̺A1A2U
†), (S16)
where the equality is satisfied for the so-called maximally entangled mixed state (MEMS) ̺′A1A2 [1]. In the case of
two-qubit MEMSs [1], its concurrence is C(̺′A1A2) = max{0, λ1 − λ3 − 2
√
λ2λ4} ≤ λ1, and hence C(̺A1A2) ≤ λ1.
Therefore, we have
C(̺A1A2) + g˜[C(̺A1A2|B)] ≤ λ1 + g˜
(
2
√
λ1(1 − λ1)
)
= λ1 +
1−
√
1− 4λ1(1− λ1)
2
= λ1 +
1− (2λ1 − 1)
2
= 1, (S17)
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where 1/2 ≤ λ1 ≤ 1 has been used. Thus, we obtain the monogamy relation (S12). 
Now we consider a class of three-qubit pure states with one parameter φ,
|ψ〉 = cosφ|110〉+ sinφ |01〉+ |10〉√
2
|1〉. (S18)
One can obtain its internal and external entanglement measured by concurrence,
C(̺A1A2) = sin
2 φ, (S19)
g˜[C(|ψ〉A1A2|B)] = 1− λ1, (S20)
with
λ1 = max{cos2 φ, sin2 φ}. (S21)
One can see that if λ1 = sin
2 φ (i.e., sin2 φ ≥ cos2 φ), then C(̺A1A2)+ g˜[C(|ψ〉A1A2|B)] = 1 holds. The theoretical and
experimental results have been shown in Fig. S3. We can see that all the sums of internal and external entanglement
are bounded by 1, i.e., the inequality (S12) always holds.
   






ϕ

(





[
(|
ψ
〉 




)]
     






(  )

[
(|
ψ
〉 




)]
FIG. S3: We use the concurrence C to quantify the internal and external entanglement simultaneously so we introduce the
function g˜ which is not shown in the Figure. The red dots are experimental results and the lines are theoretical predictions.
IV. Quantum state tomography
We performed tomography to nine states we prepared. Their density matrices can be described in Eq. (8) of the
main text. The θ is fixed at 45◦ but the φ is changing. Following are their density matrices that are obtained by
maximum likelihood estimation. We only labeled the values of φ to distinguish different states and also listed the
fidelity of them.
TABLE I: Fidelities for the quantum state Eq. (8) of the main text. The θ is fixed at 45◦ but the φ is changing from 0◦ to
90◦. The average fidelity of these states is 99.11 ± 0.04%.
φ 0◦ 15◦ 30◦ 45◦ 50◦
Fidelity 99.05 ± 0.11% 99.16 ± 0.07% 99.51 ± 0.02% 99.16 ± 0.05% 98.94 ± 0.05%
φ 60◦ 70◦ 80◦ 90◦ average
Fidelity 99.10 ± 0.06% 98.77 ± 0.03% 98.20 ± 0.12% 99.39 ± 0.05% 99.11 ± 0.04%
Although the experimental states are not exactly pure states, the monogamy inequality (3) in the main text still
holds for experimental mixed states. Suppose that the experimentally realized tripartite state is ̺A1A2B, thus the
external entanglement is defined by the convex roof,
E′F (̺A1A2|B) = inf
{pi,|ψi〉A1A2B}
∑
i
piE
′
F (|ψi〉A1A2|B). (S22)
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We assume that ̺A1A2B =
∑
j pj |ψj〉〈ψj | is the optimal decomposition for ̺A1A2B to achieve the above infimum.
Therefore,
EF (̺A1A2) + E
′
F (̺A1A2|B) = EF (̺A1A2) +
∑
j
pjE
′
F (|ψj〉A1A2|B)
= EF (̺A1A2) + 1−
∑
j
pjEF (Uj̺j,A1A2U
†
j )
≤ EF (̺A1A2) + 1−
∑
j
pjEF (V ̺j,A1A2V
†)
≤ EF (̺A1A2) + 1− EF (V
∑
j
pj̺j,A1A2V
†)
= EF (̺A1A2) + 1− EF (̺′A1A2)
≤ 1, (S23)
where ̺j,A1A2 = TrB |ψj〉〈ψj |, E′F (|ψj〉A1A2|B) = 1 − EF (̺′j,A1A2), EF (̺′j,A1A2) = maxU EF (U̺j,A1A2U †) =
EF (Uj̺j,A1A2U
†
j ), EF (̺
′
A1A2
) = maxU EF (U̺A1A2U
†) = EF (V ̺A1A2V
†), the first inequality holds since
EF (Uj̺j,A1A2U
†
j ) = maxU EF (U̺j,A1A2U
†) ≥ EF (V ̺j,A1A2V †), and the second inequality is from the convex prop-
erty of EF . This result also follows from the fact that E
′
F is a concave function of ̺A1A2, as shown by the Proposition
2 of the supplemental material of Ref. [2].
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